The Wiener number of a connected graph is equal to the sum of distances between all pairs of its vertices. A graph formed by a row of n hexagonal cells is called an n-hexagonal chain. Wiener number of an n x m hexagonal rectangle was found by the authors. An n x m hexagonal jagged-rectangle whose shape forms a rectangle and the number of hexagonal cells in each chain alternate between n and n -1. In the paper, we obtain the Wiener numbers of three types of II x M hexagonal jagged-rectangles.
Introduction

An important invariant of connected graphs is called the Wiener number (or Wiener
For recent reviews on this matter and references to previous work in this area, see [8, 121 . The Wiener number was extensively studied also in the mathematical literature (see, for instance, method for finding the expression for IV(&) (see [14] ), where H, is a hexagonal system consisting of one central hexagon, surrounded by n -1 layers of hexagonal cells, IZ 3 2. Note that H, is a molecular graph, corresponding to benzene (n = l), coronene (n = 2) circumcoronene (n = 3), etc. H,, was much examined in the theory of benzenoid hydrocarbons (see, for instance, [l, 5, 71) . Other types of hexagonal systems, hexagonal parallelogram Q,,,m 1 was denoted by Qm,n R n,m9
T n, "1 were considered in [15-1::. in [ 16] ), hexagonal rectangles hexagonal triangles T,, hexagonal bitrapeziums S,,, and hexagonal trapeziums
In [ 171, one type of n x m hexagonal rectangle was studied. In this paper, we shall study other types of n x m hexagonal rectangles. We shall call these hexagonal juggedrectangles, or simply HJR. In the hexagonal rectangle of [ 171, every hexagonal chain is of the same length n. In the HJR the number of hexagonal cells in each chain alternative between IZ and II -1. These result in 3-types of HJR. If the top and bottom rows are longer we shall call it HJR of type I and denoted by I"+". If the top and bottom rows are shorter we shall call it HJR of type K and denoted by K",". The last one is called HJR of type J and denoted by J",". Note that J", ' = T,,, and K", ' = SE,2 in [15] ; J'*m, J',M and K'l" are same as Zm, JM and Km in [lo] , respectively.
Notation and terminology of graph theory not defined in this paper is the same as the one described in the book of Bondy and Murty [2] .
Preliminary results
Definition. Let G = ( V, E) be a graph. For v, u' E V, let p(v, w) be the distance between v and u'. The Wiener number of G is defined by W(G) = i Ca,wE v p(v, w).
Definition.
Let G = (V,E) be an infinite graph where V= Z x Z and {(xi, yi ), ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ + x2 + y2 E 1 (mod 4) (see below). This graph is called the wall which was defined in [14] .
Let G = (V,E) be the wall. For n 2 2 we identify the n x m hexagonal rectangles I". m , J"am and K"," as subgraphs of G, where
We shall call these three kinds of hexagonal rectangles to be hexagonal jaggedrectangles of' type I, J and K, respectively. In Sections 3-5 we shall find recurrence relations between their Wiener numbers.
14.2
~4.2 K4.2
The following lemma is a useful tool for computing the distance between two vertices in some "convex" subgraphs of the wall. It was proved by Shiu and Lam [ 141. 
Lemma A. Suppose d > b. The distance between two vertices (a, b) and (c,d) in the ,vall is
' 2(d -b) if (c-al < (d -b) and c+d E a+b(mod2) 2(d-b)+l if jc -a( 6 (d -b), p((a, b), (c, d)) = { c+d -0 and a+bE l(mod2) 2(d -b) -1 if Ic -al < (d -b), c+d = 1 and a+b z 0(mod2) <(d-b)+(c-al if /c-al a(d-b).
A={(a,O))O,<ad2n}
and B=I$\(A~{(0,1),(2n,1)}).
Then W(Prn) = ;p< 6, I$)
where P, is the path with r vertices and
To compute T(v) we consider the following three cases.
Case 1: l<~<~(n+l). 0) ) is equal to the sum of the following four summands: By using Lemma A and a direct computation we have
where 1x1 is the least integer which is greater than x. Summing up the above results we have
Hence we have 0) ) equals to the sum of the following three summands:
(ii) Same as Case l(a)(ii);
Thus we have
Combining the results of part (a) and (b), we finally obtain the desired relationship for case 1:
+ 16m3n -l&z" + 36mn2 + 24m2n2 -4n3 + 16mn3). Hence we have 0) ) is equal to the sum of the following 5 summands:
0)
(ii) 
and
Summarizing above results, we get the following relationship for case 2:
W(l",rn) = W(P+ ) f i(6 -23m + 4m2 + 20m3 -4m" -2n -26mn + 36m'n + 16m3n -l&z2 + 36mn' + 24m2n2 -4n3 + 16mn3). (3.2)
which is identical to (3.1).
Case 3: n + 1 <m. When 0 <a <n, all the summands of T((a, 0)) are the same as in Case 2(b). Since p(A, P$\A) = 2 CiZo T((a, 0)) -T((n,O)), we have PV(I"~"l) = W(Jn."'-') + f(6 -39m + 36m2 + 14n -90mn + 96m2n
+ 14n2 -24mn' + 48m2n2 + 16n3 + 4n4). (3.3)
Relationship of Wiener numbers of HJRs of Type I and Type J (part 2)
In this section we shall express the Wiener number of HJR of type J in terms of the Wiener number of HJR of type I. Let A = {(a, -1) / 1 <a < 2n -1). Similar to Section 3, we have 
Summing up the above results we can get T((a, -1)).
Hence we have cf:, T((a, -l))= :,(-I + 18m + 46m2 + 30m3 -12n + 12~~' + 24mn2). 2m + 1 da ,<2n -2m -1, T((a, -1) ) is equal to the sum of the following three summands: 
(b) If
2m-1 P-J' (i) C C (a-x+y+l)-a
&4,ti)=2 c T((a,-1))+2 2 T((a, -1)) -T((n, ~ 1)).
u= I
u=2n--2mtl
(a) 1 <a <2n -2m. All the summands of T((a, -1)) are the same as Case l(a).
After direct computation we have
Note that when m = n the above formula is zero. y=zn--a x=0
+32m2n -32n2 + 32un2 -32n3).
Thus we have 2 T((u,-1))=&{3(-1)"(1+4m+8mn-2n2)-3-28m
a=2n-2m+l
+16m3n -6n2 + 12mn* + 24m2n2 + 4n3 + 16mn3). (4.2)
Clearly, it is the same as Case 1. (a) When I<a62m + 1,
.x=2m+a+l 
Clearly, it is the same as Case 1. We have verified the formulae above by direct computer evaluations for 1 < m, n < 10.
